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Thin-Walled Composite Beams Under
Bending, Torsional, and Extensional Loads

Ramesh Chandra,* Alan D. Stemple,t and Inderjit Choprai
University of Maryland, College Park, Maryland

Symmetric and antisymmetric layup graphite-epoxy composite beams with thin-walled rectangular cross
sections are fabricated using an autoclave molding technique and tested under bending, torsional, and exten-
sional loads. The bending slope and elastic twist at a station are measured using an optical system, and the results
correlated with predicted values from a simple beam analysis as well as a refined finite element analysis. A
symmetric ply layup results in bending-twist coupling whereas an antisymmetric layup causes extension-twist
coupling. Simple analytical results with plane-stress assumption agree better with measured data as well as finite
element predictions than with plane-strain assumption. For symmetric layup beams, the bending-induced twist
and torsion-induced bending slope are predicted satisfactorily using simple analytical solution. Correlations with
measured data, however, are generally improved using a finite element solution. For antisymmetric beams, axial
force-induced twist is predicted satisfactorily by both methods.

Introduction

HIN-WALLED composite beams with closed and open

cross sections are widely used in the construction of heli-
copter rotor blades. Through the control of lamination
parameters (i.e., ply orientation and stacking sequence), struc-
tural couplings, such as bending-twisting and extension-twist-
ing, are introduced. Traditionally, the couplings used in heli-
copter rotors are introduced by mechanical means. Recent
studies!-3 have shown that these elastic couplings have a pow-
erful influence on blade dynamics, including aeroelastic stabil-
ity, vibration, dynamic stresses, and loads. Currently, com-
posite blades are built as symmetric and balanced structures
such that these elastic couplings are completely eliminated.
With the availability of a structural analysis that can accu-
rately model the couplings associated with composite materi-
als, the potential benefits of structural couplings can be real-
ized by the rotorcraft industry.

The objectives of this paper are to experimentally identify
the static characteristics (including structural couplings) of
thin-walled composite box beams and to correlate these with
analytical predictions. Simple single-cell closed-section slender
beams are built out of graphite-epoxy laminae and tested
under bending, torsional, and extensional loads.

Two categories of thin-walled composite beams are inves-
tigated and referred to as the symmetric and antisymmetric
configurations. In a symmetric configuration, the ply layups
on opposite flanges are mirror images with respect to the mid-
axis, whereas for an antisymmetric configuration, the ply
layups on opposite flanges are of reversed orientation. As
discussed in Ref. 1, the symmetric layup beams result in bend-
ing-twisting structural couplings, whereas antisymmetric
beams cause extension-twisting structural couplings. Bending-
twisting structural couplings are similar to the classical pitch-
flap and pitch-lag couplings in helicopter rotor blades,
whereas the extension-twisting couplings are somewhat unique
in nature. By placing plies with a specific layup, the desired
structural couplings can be achieved.
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For the analysis of thin-walled composite beams, nonclassi-
cal effects, such as cross-sectional warping and transverse
shear deflections, become important. Many analyses have
been formulated to analyze composite beams with varying
levels of assumptions and idealization for these nonclassical
effects. In Refs. 1 and 2, Hong and Chopra developed a
nonlinear analysis for thin-walled composite beams undergo-
ing transverse bending (flap and lag), torsion, and axial deflec-
tions. Cross-sectional warping was expressed in terms of a
simple analytical expression. The effects of transverse shear
were, however, neglected for thin-walled beams. Important
structural coupling terms caused by ply orientations were iden-
tified, and their effect on blade stability was investigated
extensively. Through beneficial structural couplings, the po-
tential of composite tailoring of rotor blades to minimize
blade stresses and vibration and to maximize aeroelastic stabil-
ity was shown in Ref. 3. Recently, Stemple and Lee * devel-
oped a refined finite element analysis for composite beams in
which the cross-sectional warping and transverse shear were
included in a unified and consistent manner. This analysis was
validated extensively with a shell finite element analysis for
several beam configurations. Rehfield® presented a simple lin-
ear composite beam analysis in which the cross-sectional
warping was expressed in a simple analytical expression (as in
Ref. 2), and the effect of transverse shear was also included.
Additional couplings due to shear were identified: bending-
shear coupling for an antisymmetric layup beam and exten-
sion-shear coupling for a symmetric layup beam. That analysis
assumed a uniform strain across the wall thickness, and also,
the formulation was developed for a cross section with uni-
form thickness. There are other papers®’ that have also ad-
dressed the modeling of composite blades. For a general dis-
cussion on the limitation of different analyses, see a recent
review paper.?

There have been some selected attempts to obtain experi-
mental data for thin-walled composite beams under static
loading. At the University of Maryland, Schwiesow® built
thin-walled rectangular cross-section composite beams using
an autoclave molding technique. Symmetric and antisymmet-
ric beams were fabricated out of graphite-epoxy prepreg tape.
Plies were wrapped around an aluminum mandrel (two ta-
pered beams) enclosed in a vacuum bag and cured in an
autoclave. A tensile test machine was used to remove the
mandrel from the cured beam. The resulting specimens were
of poor quality because of the formation of ridges on the
surface, but the proper structural couplings were identified.
Later on, Salzberg!® built thin-walled rectangular cross section
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composite beams wusing a thermal expansion process.
Graphite-epoxy prepreg was wrapped around an elastomer
mandrel with a high coefficient of thermal expansion, en-
closed by an aluminum clam shell and then cured in an auto-
clave. The pressure for curing was generated by the thermal
expansion of the elastomer. Symmetric and antisymmetric
layup thin-walled beams of high quality were built. The corre-
lation of predicted and measured static characteristics, includ-
ing structural couplings, however, was less than satisfactory
and was attributed to an excessive resin content in the fabri-
cated beams. In the present research, the problems associated
with these two approaches are solved, and thin-walled com-
posite beams of good quality are built using an autoclave
molding technique.

At NASA Langley, Nixon!! successfully built thin circular
composite tubes of antisymmetric layup from graphite-epoxy
laminae. By wrapping the same laminae all over the circumfer-
ence, beams of uniform thickness were fabricated. Torsion
and axial tension tests were performed using a testing ma-
chine. Measured data were correlated satisfactorily (within
11%) with calculated results obtained using composite beam
analysis of Rehfield® as well as with shell finite-element analy-
sis.!2 Measured nonrotating vibration characteristics were also
correlated satisfactorily (within 13%) with analytical predic-
tions.

In the present investigation, composite beams with special-
ized characteristics are built to validate the theory. Thin-
walled rectangular-section beams were built out of graphite-
epoxy prepregs, which represent either symmetric or
antisymmetric configurations, and the characteristics are not
identical for all four laminates (non-uniform thickness). Static
structural characteristics are identified experimentally for
these beams under bending, torsion, and extensional loads.
Measured results are correlated with analytical predictions.

Analyses
Simplified Composite Beam Analysis

Following the coupled nonlinear analysis of Hong and Cho-
pra! for a composite blade undergoing flap bending, lag bend-
ing, elastic twist, and axial deflections, a simplified linear
analysis is derived for bending and torsion of thin-walled
symmetric composite beams

=% el g
P, ¢

where M and T, respectively, are the bending moment and
torque at a given beam location, ET is the effective flap bend-
ing stiffness, GJ is the effective torsional stiffness, Kp_is the
bending-twisting structural coupling, w” or d?w/dx? is the
bending curvature, and ¢’ or d¢/dx is the twist derivative.

In a similar way, following Ref. 1, the simplified linear
analysis for extension and torsion of thin-walled antisymmet-
ric beams is derived as

) [GJ Kp](s’
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where F is the axial force, EA is the effective extensional
stiffness, Kp, is the extension-twisting structural coupling, and
u’ or du/dx is the axial deflection derivative. The structural
constants EI, GJ, EA, Kp, and Kp_ are defined in the Ap-
pendix. The structural coupling Kp_becomes zero for antisym-
metric configurations whereas Kp becomes zero for symmet-
ric beams. The effects of cross-sectional warping due to
torsion are included in an approximate manner.! The effects
of transverse shear are neglected, however, for these simpli-
fied derivations.

In this analysis, four sides of the box beam are modeled as
general composite laminates. The terminology that is used to
describe symmetric and antisymmetric solid sections is ex-
tended to hollow section (box beam). No approximation of
uniform strain across the wall thickness is made.
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The bending slope and bending-induced twist in a uniform
cantilevered symmetric beam subjected to a tip load P are
obtained by using Eq. (1) as

P
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The twist and torsion-induced bending slope in a cantilevered
symmetric beam subjected to tip torsion load T are also ob-
tained by using Eq. (1) as
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The twist in an antisymmetric beam subjected to torsional and
extensional loads at the tip, T and F, respectively, is obtained
using Eq. (2) as

T
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where x is the spanwise distance from root and / is the total
length of the beam. Results using these equations are denoted
as analytical results in the graphs presented in this paper.

Finite Flement Beam Analysis

Recently, Stemple and Lee* developed a refined finite ele-
ment analysis to model thin-walled composite beams with
complicated cross sections, tapers, twist, and arbitrary plan-
forms. This formulation uses a shear flexible beam element
with warping displacements parallel to the deformed beam
axis superimposed over the cross section and is capable of
handling the combined bending, torsional, and extensional
behavior of composite beams. The beam element has two
types of nodes, translational and rotational and warping.
Each translational and rotational node has three translational
degrees of freedom and three rotational degrees of freedom
whereas each warping node has a single translational degree of
freedom, which is parallel to the deformed beam axis. In this
formulation, the cross-sectional warping associated with tor-
sion as well as bending is included in a unified and consistent
manner. For thin-walled beams, the strain is assumed to vary
linearly through the wall thickness. This beam formulation
has the accuracy of more elaborate shell and solid element
formulation and is extremely efficient because of the relatively
small number of degrees of freedom required.

Experiment
Fabrication of Box Beam

An autoclave molding technique is employed to fabricate
graphite-epoxy thin-walled box beams. Graphite-epoxy unidi-
rectional prepregs (AS4/3501-6 from Hercules) are laid up on
a split ‘metal mold. The mold has a 1/16-in. radius at its
corners. This curvature is needed to avoid sharp corners and
also to ensure tight wrap of the prepreg layers. Prepreg layers
are cut to the desired size using templates. For symmetric
angle ply beams, each layer has two joints, which are inten-
tionally staggered for better strength. The layers in antisym-
metric beams have only one joint for each ply.

The mold is first given three coats of releasing agent (All
release 30, Air Tech International). Mild heating with the help
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Table 1 Details of composite beams

EI GJ Kp, EA Kpa
Flanges Webs 1b in.2 Ib in.2 Ib in.2 b Ib in.
Configuration Top Bottom Left 103 103 103 103 103
Symmetric 1 {0/90]3 [0/90]3 [0/90]3 [0/90) 45 8 0 — 0
Symmetric 2 [15]6 [15]¢ {15/ —15]3 [15/ —15]3 77 18 20 _ 0
Symmetric 3 [30]¢ [30]6 [30/ — 3013 [30/ — 30]3 54 38 29 —_— 0
Symmetric 4 [45]6 [45]6 [45/ — 45]3 [45/ — 45]3 28 49 23 — 0
Antisymmetric 1 [15]¢ [— 1516 [15]6 [~ 15) e 18 0 1582 122
Antisymmetric 2 [0/30]3 [0/ —30]3 [0/3013 [0/ —30]3 —_— 24 0 1436 87
Antisymmetric 3 [0/45])3 [0/ — 45]3 [0/45]3 [0/ — 45]3 —_ 29 0 1179 69

Geometry of Beam: thin-walled rectangular cross section; length = 36 in., width = 0.953 in., depth — 0.53, in.; ply thickness = 0.005 in., number of plies = 6, wall
thickness = 0.030 in. Mechanical Properties: E, = 20.59 x 10° apsi., E; = 1.42 x 10° psi., G, = 0.89 x 10° psi., p, = 0.42"

of a hair dryer is used for the layup of the first lamina onto the
mold. A vacuum pump is used in the further compaction of
this layer. After laminating the desired number of plies, peel
ply is wrapped to provide the surface finish of the beam.
Depending upon the desired resin content in the cured com-
posite beam, a number of bleeder and breather layers are then
applied. For the present work, three layers of these are used to
yield a fiber volume fraction of 65% in the beam.

The layup is cured in a microprocessor-controlled auto-
clave. The cure cycle given by the prepreg manufacturer is
used. At the end of the cure, the layup is removed from the
autoclave. The vacuum bag, bleeder, breather, and release
plies were removed, and the beam is released from the mold.
Thus, composite box beams with a length of 36 in. and a
length/depth ratio of 56 are built. Table 1 shows the configu-
ration of symmetric and antisymmetric beams.

In antisymmetric beams, initial twist of the order of 5-10
deg due to curing stresses was noticed. In fact, the initial twist
created much difficulty in the release of beams from the mold
for [30]¢ and [45]¢ configurations and, hence, they were
shelved. Instead [0/30]; and [0/45]; beams were fabricated
where initial twist due to curing was small.

Testing

Figure 1 shows a schematic diagram of the test stand
wherein the bending, torsional, and extensional loads are ap-
plied to the cantilevered composite beams. These beams are
clamped by means of stiff plates and six bolts. To ensure the
clamped condition of zero bending deflection, zero bending
slope and zero warping displacements, a metallic insert is used
in the clamped part, and the bolts are uniformly tightened
with the help of a torque wrench to 60% of maximum allowa-
ble torque. While testing antisymmetric beams in tension, the
loading end is permitted to twist by means of a special end
fixture with a thrust bearing. The beam’s bending slope and
twist at a particular spanwise station are measured using an

Load for

Specimen
[NTorsion

Steel
Plclfe

£
Fig. 1 Schematic of test setup.

optical system. A light beam is reflected from mirrors attached
on the surface of the beam onto a vertical screen or wall. The
slope is determined by the amount that the light is deflected.

The bending slope is calculated from w,, = (6z/2d) where
6z is the vertical movement of the laser point and 4 is the
distance between the mirror and the screen. In a similar way,
twist at a station can be determined from the horizontal move-
ment of the laser point, §,, ¢ = (6,/2d).

To measure spanwise variation of bending slope and twist,
six or seven mirrors with a diameter of 0.32 in. are mounted at
different stations along the beam. First, the beam specimens
were aligned, and then loads were applied.

Results and Discussion

In order to validate the test procedure, a bending test was
conducted on an aluminum beam with a solid rectangular
cross section. The beam had a length of 29 in., a width of 1
in., and a depth or thickness of 0.375 in. This produces a
length/depth ratio of 78. There was an excellent correlation
between analytical and experimental results.

Using this test setup, static tests were conducted on compos-
ite beams of different configurations as described in Table 1.
For each configuration, two identical specimens were built
and each test was repeated two or three times on each beam.
Thus, reliable data on the static characteristics of these beams
are generated. Table 1 shows the calculated values of bending
stiffness EI, torsion stiffness GJ, bending-twist coupling stiff-
ness Kp_for symmetric beams, the calculated values of exten-
sional stiffness EA, torsional stiffness GJ, and extension-
twist coupling stlffness Kp, for the antisymmetric beams.

The experimental data on bending slopes and twists were
compared with the theoretical results obtained using the sim-
ple analysis [Eqs. (3-8)] and the finite element analysis de-
scribed in Ref. 4. In order to select the suitable mesh for the
finite element method, a convergence study was conducted.
For example, six different meshes with 2 and 3 elements along
the span and 8, 12, and 14 elements in the cross section were
examined for the analysis of a [45]s symmetric beam under
bending load. It was determined that (2 X 12) mesh yielded
converged results, and hence this mesh was used for the analy-
ses of all other symmetric and antisymmetric beams. Also, the
influence of constrained warping was investigated by carrying
out this analysis with and without suppressing the warping
degree of freedom at the clamped end of the beam. The
difference in the results for these two cases was found to be
small, This may be due to a high slenderness ratio and the
special layup adopted in these beams.

Bending of Symmetric Beam

Figure 2 shows the bending slope distribution for the [0/90]4
composite beams under a 1-Ib tip load. For this symmetric
configuration, plies of 0 and 90 deg are aligned in the spanwise
direction and therefore introduce no bending-twisting struc-
tural coupling. Good correlation exists between experimental
data and predicted results obtained by both analyses for this
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Fig. 2 Bending slope of [0/90]3 beam under 1 Ib bending load at tip.

O e sewzresT2 15/15/15/15/15/15
W BEAM2,TEST1
O BEAM1,TEST2

o012 A BEAM1TESTM
oo FEM {4} .
e ANALYTICAL /ﬁ ------ oy

P
SLOPE 408

RADIAN

004

o 1 | I L L
10 15 20 25 30

0 5
ROOT SPANWISE COORDINATE X,INCH TIP

Fig. 3 Bending slope of [15]¢ symmetric beam under 1 Ib bending
load at tip.
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Fig. 4 Bending-induced twist of [15)s symmetric beam under 1 1b
bending load at tip.
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Fig. 5 Bending slope of (30]¢ symmetric beam under 1 Ib bending
load at tip.

Fig. 6 Bending-induced twist of [30]¢ symmetric beam under 1 1b
bending load at tip.
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Fig. 7 Bending slope of {45]s symmetric beam under 1 Ib bending
load at tip.
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Fig. 8 Bending-induced twist of [45]s symmetric beam under 1 1b
bending load at tip.
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ment at tip.
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configuration. It is interesting to note that results from the
simple approximate analysis and the finite element analysis
cannot be distinguished from each other in Fig. 2, and hence
the finite element results are not included in this figure. This
indicates that the effects of warping and transverse shear are
quite small for this configuration.

Figures 3 and 4, respectively, present bending slope and
bending-induced twist for the [15]¢ composite beams under a
tip load of 1 lb. For this symmetric configuration, the ply
layup introduces bending-twist structural coupling. The finite
element bending slope results correlate better with measured
data than analytical results. For this configuration, transverse
shear appears important, which is evident from the finite-
slope value at blade root calculated using the finite element
approach. For the bending-induced twist, both results fall
within the scatter of data.

Figures 5 and 6, respectively, show bending slope and elastic
twist for the [30]4 composite beams under a 1-1b tip load. For
bending slope, there are considerable differences between
finite element results and analytical results; however, neither
one appears better in terms of correlation with the experimen-
tal data. For bending-induced twist, the finite element results
agree much better with measured data than analytical results.
This may be pointing to a deficiency in the modeling of
warping and transverse shear in the analytical approxima-
tions.

Figures 7 and 8 present results for the [45]s symmetric
composite beams. There are some differences between finite
element results and analytical approximations for both bend-
ing slope and induced twist distributions. For bending slope,
two types of simple analytical results are presented—the first
one using plane-stress assumption (g,, = 0) and the second one
using plane-strain assumption (e,, = 0). There is no doubt that
the results with the plane-stress assumption agree better with
the experimental data and the finite element results than the
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results with the plane-strain assumption. In all earlier as well
as subsequent results, analytical results with only plane-stress
assumption are presented. ’

For bending-induced twist, agreement between the finite
element results and the measured data is very good (lie within
scatter of data). Analytical results, however, underestimate
magnitudes but lie within 15% of measured values. Estimated
bending-induced slopes by both methods generally agree well
with measured values (within 12%), and some of the differ-
ences may be attributed to the structural constants (manufac-
turer supplied values are used). The bending-induced slope
increases considerably when ply angles are increased, whereas
the bending-induced twist increases less dramatically with
higher ply angles.

Torsion of Symmetric Beams

Figures 9 and 10 present the twist and torsion-induced bend-
ing-slope distributions for the [15]s beams under unit torsional
load at the tip. It is interesting to note from Fig. 9 that the
experimental, analytical, and finite element method values of
twist are quite close to each other. This indicates that the
torsional warping representation in the analytical derivation is
adequate for this configuration of beam. However, the analyt-
ical and finite element values of torsion-induced bending slope
differ somewhat from each other, although this difference is
within the scatter of the experimental values as shown in Fig.
10. Figures 11 and 12 show the twist and bending-slope distri-
butions for the [30]s beams. Excellent correlation between
experimental and calculated values of twist is seen in Fig. 11.
For the torsion-induced bending slope, the analytical results
agree better with measured data than the finite element results.
A good correlation between experimental and finite element
results for twist and bending slope is seen for the [45]5 beams
in Figs. 13 and 14. For these beams, the elastic twist decreases
and the torsion-induced slope increases with higher ply angles.

0.0010
e FEM{4} [15/15/15/15/15/15
B BEAM2,TEST2
O BEAM2,TESTH
000081 A Beam1.TESTZ
& BEAM1,TEST1
——— ANALYTICAL P
0.0006 | A
stoeE |
RADIAN A
0.0004 | T
0.0002 |- e
0.0000 g 1 I 1 1 |
0 3 10 15 20 25 30
ROOT SPANWISE COORDINATE X,INCH TP

0.0012
...... FEM{4} [30/30/30/30/30/30
B BEAM2,TEST2 P
0.0010| © BEAM2TEST1 7
A BEAM1,TEST2 o
O BEAM1,TESTH
0-0008 | —— ANALYTICAL e
SLOPE -
L )
RADIAN %0006 | o2
0.0004 | _,,-"/
0.0002 |- L
P
0'0000 1 1 4 1 L
0 5 10 15 20 25 30
ROOT SPANWISE COORDINATE X,INCH TIP

Fig. 10 Torsion-induced bending slope of [15]¢ symmetric beam
under 1 in.-lb torsional moment at tip.
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moment at tip.

Fig. 12 Torsion-induced bending slope ef [30]s symmetric beam
under 1 in.-Ib torsional moment at tip
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Fig. 13 Twist of [45]¢ symmetric beam under 1 in.-lb torsional
moment at tip.
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Calculated results from both methods generally correlate with
measured data (within 15%).

Torsion and Extension of Antisymmetric Beams

Figure 15 shows the twist distribution for the [15]¢ antisym-
metric beams subjected to a unit torsional load at the tip.
Analytical and finite element estimations of twist are quite
close to each other and are within the scatter of the experimen-
tal data. This reveals that the representation of torsional warp-
ing in the analytical derivation is adequate for this configura-
tion. The spanwise twist variation for this beam subjected to
unit extensional load is shown in Fig. 16. Finite element results
(both) with experimental data is not as good, particularly near
the tip. This finding is plausible due to the fact that the local
state of stress due to loading does not quickly decay in
graphite-epoxy material.!4
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Fig. 14 Torsion-induced bending slope of [45]s symmetric beam
under 1 in.-Ib torsional moment at tip.
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Fig. 15 Twist of [15]¢ antisymmetric beam under 1 in.-lb torsional
moment at tip.
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Fig. 16 Extension-induced twist of [15]¢ antisymmetric beam under
1-1b tensile load. '
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Figure 17 shows the twist distribution for the [0/30]; beams
under a unit torsional load at the tip. Analytically predicted
values of twist agree better with experimental data than the
finite element prediction. However, differences between these
computed results are generally small. Figure 18 shows the
spanwise variation of twist in the [0/30]; beams due to a unit
tensile load. Both calculated results are identical and correlate
well with experimental data. Figure 19 illustrates the twist
distribution in the [0/45]; beams subjected to a unit torsional
lead. Again, the calculated twist values using simple analytical
expression agree better with experimental data than finite
clement values. Figure 20 shows the twist variation in [0/45];
beam due to the unit tensile load. Here, again, we notice a
good correlation between calculated and experimental twist
except towards the loading end. It is to be noted from Figs. .
17-20 that the correlation between the experimental and calcu-
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Fig. 17 Twist of [0/30]3 antisymmetric beam under 1 in.-Ib torsional
moment at tip.
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Fig. 18 Extension-induced twist of [0/30]3 antisymmetric beam un-
der 1-b tensile load. '

0003 ' BEAM2,TEST2 0/45/0/45/0/45

*
W BEAM2,TESTY
O BEAM1,TEST2
A BEAM1,TEST1
- FEM{4}
0.002 [ —— ANALYTICAL LI e
//—
TWIST s
RADIAN 7
: 'y
0.001 |- g e
P
8-
o
~
a//"
L 1 H 1 1
0000 5 10 15 20 25 30
ROOT SPANWISE COORDINATE X,INCH TIP

Fig. 19 Twist of [0/45]3 antisymmetric beam under 1 in.-lb torsional
moment at tip.
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Fig. 20 Extension-induced twist of {0/45]3 antisymmetric beam un-
der 1-1b tensile load.

lated results is generally quite good, and there are small differ-
ences between these two calculated results. Torsion-induced
twist as well as axial force-induced twist decrease with higher
ply angles.

Conclusions

Using an autoclave molding technique, thin-walled rectan-
gular cross-section composite beam specimens of very good
quahty were built out of graphite-epoxy prepreg material.
Reliable static test data on the bending slope and twist were
achieved for symmetric and antisymmetric beams using a sim-
ple test setup and a laser optical system. Measured static
structural data were correlated with results from a simple
analytical approx1mat10n as well as with a refined flmte ele-
ment analysis.

Based on this study, the following conclusions are drawn:

1) Symmetric layup composite beams result in bending-twist
structural coupling. Bending-induced slopes increase with
higher ply angles, and values predicted by both methods gen-
erally correlate satisfactorily with measured data (with 12%).
Bending-induced twist increases with higher ply angles and
finite element predictions show excellent correlation with mea-
sured data (within the scatter of data). Analytical predictions
underestimate bending-induced twist but are within 15% of
measured values.

2) For symmetric layup beams with higher ply angles, tor-
sion-induced twist decreases and torsional-induced slope in-
creases. Calculated results by both methods agree well with
measured data (within 15%).

3) Simple analytical results with plane-stress assumption
agree better with measured data and finite element results than
with plane-strain assumption.

4) Antisymmetric layup beams result in extension-twist
structural coupling. Torsion-induced twist as well as axial
force-induced twist decrease with higher ply angles, and re-
sults predlcted by both methods generally correlate very satis-
factorily with measured data. Some differences in correlation
at the tip may be attributed to the simulation of loading
condition in the experiment.

Appendix
Stiffness Coefficients: EI, GJ, Kp_, EA, and Kp,

N M
= £ || etranacs £ ([ oo
k=1JJ12 I=1JdJ34 -

N M
GI = Y% ” CRPdndy + E H CPitdnds
k=1JJ12 = 34

THIN-WALLED COMPOSITE BEAM 625

N » _ .

K, = ), “ CWTrdnds
k=1 1,2
N M .

= £ | ctonars £ H Cdndg
k=1 1,2 i=1 34

Kp, = - E “ Dtdpds + E H Dednds +

)if H {4idnd — ﬁ ” Cadyds

I=1

(1,2, respectively, represent top and bottom laminates of
box beam; 3,4, respectively, represent left and right side lami-
nates of box beam), where

Cii= Qn—0h/0n
Cis= Q16 ~ Q12 X O/ O
6= Qas — O3/ On
Q = stiffness matrix of kth lamina in x —p or x — ¢
plane (Fig. 4 of Ref. 1)
N = number of layers in laminate 1 or 2
M = number of layers in laminate 3 or 4
1, { = coordinates in the plane of cross section
= {+N
ﬁ == A, ¢
A = warping function

Assumed warping function = B¢y

8= (c —=d)/(c +d) for uniform wall thickness of the
cross section

¢ = width of beam

d = depth of beam
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